POISSON SIGMA MODEL WITH BRANES AND 
HYPERELLIPTIC RIEMANN SURFACES 



ANDREA FERRARIO 



Abstract. We derive the explicit form of the superpropagators in presence of 
general boundary conditions (coisotropic branes) for the Poisson Sigma Model. 
This generalizes the results presented in [3] and [5] for Kontsevich's angle func- 
tion [4] used in the deformation quantization program of Poisson manifolds. 
The relevant superpropagators for n branes are defined as gauge fixed homo- 
topy operators of a complex of differential forms on n sided polygons P n with 
particular "alternating" boundary conditions. In presence of more than three 
branes we use first order Riemann theta functions with odd singular charac- 
teristics on the Jacobian variety of a hyperelliptic Riemann surface (canonical 
setting). In genus g the superpropagators present g zero modes contributions. 
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1. Introduction 



The Poisson Sigma Model (PerM) is a topological field theory defined in terms of 
a functional on the space of maps from the tangent bundle of a two dimensional ori- 
ented surface S to the cotangent bundle of a given Poisson manifold (ill, it). When 
the source surface is the unit disk it has been shown in the celebrated paper [3J that 
Kontsevich's star product on M [4] can be obtained from Feynman's expansions 
of certain Green functions, assuming particularly simple boundary conditions. The 
same authors have extended the previous calculations with the PoM with bound- 
ary conditions such that the base map X maps the boundary of the unit disk to 
a coisotropic submanifold of M [5]: it turns out that the coisotropic submanifolds 
of a Poisson manifold label the possible boundary conditions of the PerM and its 
quantization is related to the deformation quantization of the coisotropic submani- 
fold itself. In [3] it has been shown that even non coisotropic branes are allowed at 
quantum level; when the brane is defined by the so called second class constraint, 
then the perturbative quantization of the PerM yields Kontsevich's star product 
associated now to the Dirac bracket defined on the brane. In [18j [19] a unifying 
approach is proposed with the introduction of Pre-Poisson submanifolds: given a 
Pre-Poisson submanifold C of a Poisson manifold M, then it is always possible to 
find a presymplectic submanifold M' of M containing C as coisotropic submanifold. 
In this note we construct explicitly the superpropagators for the PerM in presence 
of n > 2 coisotropic branes generalizing the results in [31 [5] . 

In the perturbative expansion every coisotropic submanifold Cj, or brane, of 
the Poisson manifold (M,tt) is defined by the constraint Cj = {x^i = | fij € J,-}; 
considering n > 2 branes the source manifold for the PerM is defined by the couple 
(P n ,u) where P n := u(H. + ) is a n sided polygon and u : H + — * P n is a suitable 
homeomorphism between the compactified complex upper half plane H + and P n , 
depending on the number of branes considered. This definition allows to fix the 
polygon P n through u and to use the technique of the " mirror charges" [5] to write 
the explicit formula for the superpropagators with the correct boundary conditions. 
In presence of n — 2,3 branes, u is chosen to be a suitable Schwarz-Christoffel 
mapping [13j . while for n > 4 branes we need to introduce particular sections of 
hyperelliptic Riemann surfaces and their projections to the Riemann sphere Coo 
(we refer to Section 6 for the full construction). In the sequel each side dP^ of 
P n is called brane as well, when confusion does not arise with the corresponding 
coisotropic submanifold Cj C M. The fundamental superpropagators in presence 
of n branes are those associated to the boundary conditions expressed by the index 
sets Si = If n I 2 n If n • • • n I„, S 2 = h n If n h n • • • n J° for n even and 
Si = If n h n If n • • • n I£, S 2 = h n If n I 3 n • • • n I„ for n odd; we call them 
relevant. Let (Hf,d) be the complexes of differential forms on P n with Dirichlct 
boundary conditions on the even branes for i — 1 and Dirichlet boundary conditions 
on the odd ones for i — 2. The relevant superpropagators are defined as the gauge 
fixed homotopy operators Gs t which give the Hodge-Kodaira decomposition 

dG Si + G Si d = I - P S( 
of Hf, where P$ i is a projection onto De Rham cohomology, for i = 1,2. This 
setup is a special case of a strong deformation retract used in the homological 
perturbation theory contest ([6l[7] and references therein). The degree minus one 
operators Gs i : TQ' k — > "H"' fe_1 are given in Def.l; the paper is devoted to the 
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construction of their integral kernels 6{Q,P)s i ■= — j-(£ ai (Q)Va 2 (P)), (P,Q) € P n x 
P n , ai,02 € Si satisfying the boundary conditions imposed by the Si themselves. 
With £,77 we denote superfields [3] of the PcM in the perturbative expansion. In 
principle 9{Q,P)si will consist of two different contributions: a generalization of 
the Kontsevich angle map [4] and an additional term due to the projection P$ i onto 
cohomology P^W™ := The main results of the paper are collected in the 

following 

Theorem 1. Superpropagators for the PcM with n branes Let Gs % be the 

relevant superpropagators for the Po~M with n branes defined by the constraints 
Cj = {x^ = I G Ij} and Si defined as above. The integral kernels 9(Q, P)si '■= 
-i(C(Q)v»(P)) are given by: 
• two branes case: 

, „ , 1 (u — v)(u — v) 

9(Q,P)s 1 = ^darg- 1 



2ir (u + v)(u + v) , 
am u\ 1 ,1 (u-v)(u + v) 

Z7T (U — V)(U + V) 

where P2 := m(H + ) with u{z) — ^fz, v :— u(w), d = d u + d v : we identify 

(P,Q) with the couple (u,v). 

• three branes case: 

_,. 1 , siniir(u — v)smin(u + v) 

°{Q,P)s 1 = — darg^— . 

2ir smi7r(u — v) simir(u + v) 

1 , sini7r(u — v) sini7r(u — v) 
Q{Q,P)s 2 = T^rfarg- 



2n smin^u + v) sinin(u + v) ' 



where P3 := u(M + ) with u(z) — i Jj 2 ^/( 1) ' U ' = U ^ W ^' ^ = ^« + c ^> ; we 
identify (P,Q) with the couple (u,v). 
• n = 2g + 2, g > 1 branes case: 



e(Q, p) Sl = -Id arg ^)-^Q) + A,."Wjgg)-^) + A,.n) _ ( p) 
a(n m 1. gteCg) - + Vlg) + g(g) + j^Q) 4 ~ rn p x 

v(Q,P)s> = T^d&rg = = 4Zs.,(Q- P) 

2tt & ^(p) + v (Q) + A g ,n)d( ip (P)-^Q) + A g ,n) 

where (O P) - I Im ^(Q)( Imn )~ ldRe ^( P ) * = 1 w ' M. —* 7(M) — 
where Z Si (Q,r) .- j Im ^(p)( Im f ] )-i dRe ^(g) % = 2 , • ^ J(yvij .- 

<C 9 / t nl + mfi is i/ie Abel-Jacobi map for the hyperelliptic Riemann surface M 
of genus g which realizes the two sheeted branched covering z : M. — > C M wii/i 
branching points {Pi}i=i,...,2g+2 such that z{Pi) 6 RU {oo} ; (P,Q) € P„ x P n and 
d = dp+dQ. The polygon P n is defined via z{P n ) = H + C C M while A g denotes non 
singular odd half periods on 3 {Ml) (see Section 6.2) and •& are first order Riemann 
theta functions defined on J(M). In presence of an odd number n of branes, n > 5, 
we can reduce to the n — 1 even case. By construction 6s 1 (Q,P) — 6s 2 (P,Q), 
°s 2 (Qj P) = @Si (P> Q) f or an V number of branes. 

The paper is structured as follows. In Section 3 we introduce the PerM, its 
Batalin Vilkovisky action and the superpropagators as homotopy operators. We 
define the concept of coisotropic branes in Poisson geometry and we show how they 
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naturally arise in the BV quantization of the PcrM action describing the one brane 
case. We compute then the dimension of the space of the "zero modes", i.e. the 
dimension of the De Rham cohomology of the differential complexes H". Section 
4 and 5 deal with the two and three branes cases: we want integral kernels which 
are zero on the boundary of Pi and P3 for particular sets of indices specified by the 
presence of branes. To determine such kernels is equivalent to find generalizations 
of Kontsevich's angle formula [4] with the correct boundary conditions imposed by 
the constraint equations defining the branes. 

Once defined the polygon P n as image under u of H + then it is possible to express 
the boundary conditions of the integral kernels as reflections properties relative to 
the sides of the polygon P n of maps ip(u, v)st ■ P n x P n —* K/27rZ: the method is 
a multi brane generalization of the classical "mirror charges" formalism. All the 
problem is then reduced to find explicit tp(u, v)si satisfying the correct reflections. 
The presence of branes implies the existence of non zero simple observables even in 
the trivial Poisson structure case; the complete analysis of the algebra of observ- 
ables for the PcrM with branes will appear elsewhere. In Section 6 we deal with 
n > 4 branes; we write the t(j(u,v)s i maps via first order Riemann theta functions 
with odd non singular characteristics and hyperelliptic curves M. |16j : we refer to 
this constructions as the canonical setting. With more than three branes we have 
zero modes contributions: we show that their presence is stricly correlated with 
the boundary conditions the integral kernels must satisfy. Section 7 is about con- 
clusions and further developments; in Appendices A and B we put known material 
on Riemann theta functions and the proof of Proposition 1. In Appendix C we 
describe some properties of the superpropagators as homotopy operators. 

This paper is meant to be an introduction to the PcrM with n > 2 branes; with 
the explicit formulas for the superpropagators we can study the algebraic structure 
and the deformation of the associative product of the algebra of observables, relating 
it to the already known results which show properties for the one brane case. 
With non trivial Poisson structure it is possible to extend the results of [31 E] for 
the deformation quantization of branes in the sense of bimodules. In order to 
study the uniqueness of the superpropagators one can introduce the Laplacian in 
a suitable metric completion of the differential complexes W™. This topic and the 
relations between the superpropagators for the n > 4 cases and classical kernels on 
compact Riemann surfaces will be discussed in [15] . 

The non perturbative study of the PcrM in presence of general boundary condi- 
tions involves the construction of a generalization of the Fukaya Aoo-category: work 
in this direction is in progress motivated by the constructions of Section 6 in terms 
of Riemann surfaces. The idea is to begin producing a local version of the Fukaya 
category applying the HPT tools to the differential complexes (Tig. , d) to generate 
an Aqo structure on the cohomology, then define an associated category. The 
adjective local refers to the fact that we are in the perturbative contest, expanding 
around zero modes, in presence of n > 4 branes. 
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3. The PctM: classical action functional and BV quantization 

The Poisson Sigma Model [I] [5] is a two-dimensional topological Sigma theory 
defined on a two dimensional orientable surface E and with a Poisson manifold 
(M, 7r) as target. It is defined by a classical functional S on the space of bundle 
maps (X,r)) : TE -> T*M with base map X : E -> M and r\ e Q(E,X*T*M), 
where S is given explicitly by: 



and (, ) is the canonical pairing between vectors and covectors of M. The Euler- 
Lagrange equations express the condition that the pair (X, rf) is a Lie algebroid 
morphism between TE and T*M . Under the infinitesimal gauge transformations 
dp X 1 = TT lj (X)(3j, Sprit — —dfii — di^ k {X)r]jl3k, where (3 — fiidX 1 is a section of 
X* (T* M), the action (JTJ) transforms by a boundary term SpS = — J^d(dX l (3i). 
The commutator of two infinitesimal gauge transformations is a gauge transforma- 
tion only on shell, that is when Euler-Lagrange equations are fulfilled for the action 
S. Thus the gauge transformations form a Lie algebra only when acting on the set 
of critical points, or classical solutions of S: in order to quantize the model we need 
to implement the Batalin-Vilkovisky (BV) procedure; before this one defines the 
BRST operator Sq [3] (the gauge parameters ft are promoted to ghost fields ) and 
the boundary conditions for the model [lOj . 

3.1. Perturbative analysis: space filling brane case. Varying the action (JTJ 
we observe the appearance of a boundary term of the form 



If we assume that S := {z £ C | | z |< 1} with rj vanishing when contracted with 
vectors tangent to the boundary, then @ cancels; imposing that the infinitesimal 
parameters ft vanish on <9E we cancel SpS. We refer to these BC as the "space 
filling brane" case [3]. We introduce some notation concerning the BV formalism; 
we refer to [3] for the full analysis and to [12] for a geometrical approach. We 
introduce the "antifields" 4> + :— {X + , with complementary ghost number 
and degree as differential forms on E w.r.t. the "fields" <j> := (X, i], (3). Then we look 
for the so called Batalin-Vilkovisky action Sbv[4>j < / )+ ] °f ghost number zero such 
that Sbv[4>j 0] reduces to the classical action S[4>] and (Sbv, Sbv) — IMASbv = 0, 
where (, ) is the BV antibracket and A is the BV Laplacian. 

Then we fix the gauge d * r\i = 0. The Hodge operator * is explicitly given, in 
terms on the coordinates on E, by *dx l = dx 2 , and *dx 2 = —dx 1 with z € E, z = 
x\ + 1x2 and the gauge fixing fermion is "J" = — f_ d'y 1 * rji. In order to express 
the BV Laplacian one can introduce the Hodge dual antifields 0* := *cj) a with the 
rule that they must have the same boundary conditions as the fields. Selecting the 
Lagrangian submanifold C defined by the equations = -^-^ and adding the 
antighost term — J X l j^, then the gauge fixed action is: 



(1) 




(2) 
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Sgf = I m A dX* + lir ij {X)rji A % - *d 7 l A (dft + d^ kl (X) Vk /3i) + 

_1 * d7 < A ^didj^iX^kpi - Xd * rn, 

where, in particular, 77,^ = *dj l and the Lagrange multipliers A 1 satisfy Dirichlet 
boundary conditions on <9£. In the perturbative expansion of the space filling brane 
case we select £ = D, D unit disk in C and we expand around the classical solution 
X(x) = y, r) = 0, i.e. X(x) = y + £(#), £(x) fluctuation field. The kinetic part of 
the gauge fixed action: 

S° f = [ Vl A dC ~ Xd * 77, - *d T 4 A d# . 

We map conformally the disk to the (compactified) complex upper half plane H + 
and we use the standard complex coordinates (z, w) on it: introducing £ := £ — 
*d , y,f] := (3 + 77 we obtain what in [3] are called the " superpropagators" for the 
space filling brane case: 

(3) G(w,z) A := (i k Mvj(z)) = ^5 A d4>{z,w), 

where d — d z + d w , cf>{z, w) := ^ In [fEfrfe^i = arg(z — w) + arg(z - w) is Kont- 
sevich's angle function [4] with d z = dzj^ + dz-j^ and k, j S A — {1, 2 ... , m}, 
77i =dimM. The angle function <j> : H + x H + — » K/27rZ associates to each pair of 
distinct points (z, to) in the upper half plane the angle between the geodesies w.r.t. 
the Poincare metric connecting z to +ioo and to w, measured in the counterclock- 
wise direction. On the boundary 9H + = RU {00} we have </>(z GKU {00}, w) = 0. 

3.2. Branes as generalized boundary conditions. A submanifold of the Pois- 
son manifold M chosen as boundary condition is called brane; symmetries of the 
model give strict characterizations of branes in terms of Poisson geometry. A bunch 
of definitions; the sharp map 7r" for the Poisson manifold (A4,tt) is defined as 
7r» : T*M -> TM, with (tt%)o-,t) = n(y)(a, r), Vy € M, Vcr, r G T*M and (,) 
denotes the canonical pairing. A submanifold C of the Poisson manifold (M, 71") is 
called pre-Poisson [18] if 7r"(A^*C) + TC has constant rank along C: in [10] this was 
called a " submanifold with strong regular conditions" . In the symplectic context 
this condition is equivalent to C being presymplectic. In [9] it is shown that if C 
is pre-Poisson then AC = ir$~ 1 TC n N*C is a Lie subalgebroid of the full Lie al- 
gebroid T*M. A submanifold C C M is called coisotropic if ^(N*C) C TC. It 
follows from the Jacobi identity for it that the characteristic distribution tt(N*C) 
on the coisotropic submanifold C is involutive; the corresponding foliation is called 
the characteristic foliation. In the symplectic context, 7r" yields an isomorphism 
between N*C and T^C and we recover the usual definition of coisotropic subman- 
ifolds in the symplectic case: T^C C TC, where T ± C is the subbundle of TcM of 
vectors that are symplectic orthogonal to all vectors of TC. If C is coisotropic, then 
AC = N*C. Pre-Poisson submanifolds are the most general boundary conditions 
for PcrM compatible with symmetries [19]; it can be shown (cfr. [18]) that if C is 
Pre-Poisson in M then it is always possible to find a cosymplectic submanifold of 
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M which contains C as a coisotropic submanifold: then it is enough to consider 
coisotropic submanifolds as boundary conditions for the PctM. This means that, in 
the one brane case, given a coisotropic submanifold C of M (i.e the brane), we im- 
pose the boundary conditions X\qy: : SE — > C, ig-^V G T(X* N*C), where igs is the 
inclusion map 9E E and the ghosts on the boundary satisfy G T(X* N*C). 

3.3. Perturbative analysis: one brane case... The perturbative analysis in 
presence of a brane is performed considering the case where M is an open subset of 
R" with coordinates x , . . . , x n and the brane C is given by the constraint equations 
x^ = 0, ji G /, with fi = m + 1, . . . , n. The tangent space to a point of C is spanned 
by ~q~^t > i — 1, . . . , to and the conormal bundle by dx^ , fi = m + 1, . . . , n. We fol- 
low the convention that latin indices run along the brane, that is over {1, . . . , m}, 
while greek indices are associated to coordinates normal to the brane and run over 
{m + 1, . . . ,n}. The whole boundary of the disk, (or conformally, the compacti- 
fied real line in the upper half plane), is mapped to the brane C: the splitting of 
the indices into S\ :— I c and 52 := / induces Gsi(w,z) and Gs 2 {u 1 z) arL d the 
boundary conditions for £ and rj become £ M |c =0 and i^rji = 0. Consequently the 
" superpropagators" with the correct boundary conditions are [5]: 



(4) G Sl (w,z) = — S Sl d^(z,w), Gs 2 (w,z) = —5 Sl d<j){w,z), 

Z7T Z7T 

where <f> is Kontsevich's angle function and 5s t is the Kronecker delta restricted to 
pairs of indices in $ { . This result allows to study the quantization of the coisotropic 
brane C via path integral, with the introduction in the diagrammatics of straight 
and wavy lines induced by the presence of the two index sets S± and S2 ■ 

3.4. ...and two or more branes cases. In presence of two or more branes a more 
general analysis of the boundary conditions is needed. The branes are defined as 
usual by the constraints 

(5) C ; ii /J 
and given n > 2 branes (O we define the index sets: 



f If n h n If n • • • n /„ n even 

\ if n h n if n • • ■ n I* n odd, 

f h n n I 3 ("I • • • n I£ n even 

\ h n J| n i 3 n • • • n i„ n odd 

Let E := _P„ be the source manifold for the PcM in presence of n > 2 branes. 
P„ is defined as a n sided convex polygon with boundary <9E = 9P n given by 
the decomposition <9E = U™ =1 i9P^. The corners of the polygon are the elements 
of the set {dP^ n 9^ +1 }i = L...,„ mod n - The polygon P n is fixed by the condition 
P n := m(H + ), where u : H + — > P n is a homeomorphism depending by the number n 
of branes considered in the perturbative analysis and H + denotes the compactified 
complex upper half plane. In particular this allows to give an ordering to the sides 
dP^ in a consistent way. All the possible index sets Ak, k — l,...,2 n for the 
integral kernels 
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(G) 



Si 

s 2 



(7) 0(Q,P)A k :=-j.(i ai (Q)Va 2 (P))> 

with (P, Q) G P n x P n ,ai,ci2 € Ak are given by the intersections of the sets Ij, Ij 
defining the n branes ([5]). In the sequel we will drop out the dependence in 
([7]); we will reduce to the a\ = a 2 case to simplify notation. Fixing the number of 
branes n, one repeats the same calculations of the preceding subsections, giving new 
boundary conditions to eliminate the additional terms Jg S (?7, SX), (3dX and to 
develop a coherent BV formalism. The boundary conditions for the X field are given 
by X\ 9P i : dP % n -> d while we choose 7 ? | aP . G T(X* N*d), (3\ dn G T{X*N*Ci) 
i = 1, ...,n generalizing the one brane case. More explicitly, ?/|ap» := igpiT), 
{3\gpi := igpift where ig P i : dP^ c — > P„ denotes the inclusion. We apply the same 
notation to all the component fields appearing in the sequel. f3 satisfies the same 
boundary conditions of r\ as it belongs to the same superfield fj (we refer to [3] for a 
brief introduction to the superfield formalism): in particular this allows to cancels 
the boundary terms coming from — J^.d(dX l f3i)). At the same time *d^f = i] + 

belongs to the same superfield X of X. 

In the sequel we will refer to the sides dP^ as branes, whenever confusion does not 
arise with the corresponding (under X) coisotropic submanifolds Cj C (M, tt). For 
simplicity let us discuss the boundary conditions in the n — 2 branes case explicitly, 
i.e. <9£ = dP^ U <9P 2 2 , Ai=hn h, A 2 = If n if, Si = If H i 2 , S 2 =hn 1%. As 
SX = 7T»/3 then SX | aF| G TC t , \ dP i = X s - \ 9P i = X Al \ epg = X s > | aP| = and 
V M \api=fl Sx \dPi=V A2 \dP%= V S2 \dPi= 0- In particular we get 

X s > \ 9P 2=0,r) Sl | aP i=0, 
X s - \ 9P i=0,v S2 \ d Pl=0, 

i.e. specifing the index sets Si we have Dirichlet boundary conditions for the com- 
ponents fields of (X,fj) only on half of the boundary dP 2 . A general fact: given 
n number of branes, then the "non trivial" integral kernels are those associated to 
the alternating Dirichlet boundary conditions respect to the points (P, Q) of the 
polygon P n , with index sets given by 5i,<S2. In presence of all the other index 
sets, it is possible to "reduce" to a lower number of branes case to compute the 
superpropagators . 

Developing the BV formalism we generalize the gauge fixing condition d*rj — to 
eliminate the boundary terms J QP2 A 1 *^ = J gp i X 11 *^ \ iie s 2 + fg P i A* 2 *?7i 2 U 2 e-4i 
+ Sop 2 ^ 3 * ^3 l*3 e5 i + Japf ^ U * \ueSa imposing the extended gauge fixing 

d * r] = 0, 

(8) *V Sl \dPl = *V S2 \aPi=0, 

and *rj Al \g P 2 = *r/ Al I<?p 2 2 = ^ with boundary conditions for the Lagrange multi- 
pliers given by A 51 \g P i= A 52 \g P z = A" 42 \g P ^ = ^ A2 lapf = 0- The extended gauge 
fixing also imposes dj Sl \gp^ — drf 3 |ap|= dj A2 \g P ^ — dj A ' 2 |ap| = 0. With the 
choice (j8]) we fix the boundary conditions for the components fields of the superfields 
(X, fj) on the whole dP 2 for the index sets Si, getting alternating Dirichlet-Neumann 
boundary conditions. 
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The general n branes case follows the same lines of the n = 2 case; the Dirichlet 
boundary conditions and the extended gauge fixing are collected in the following 
table. 



Dirichlet Boundary conditions in the 


n branes case 


X* | ap r .„= 0,77^ \ dP o dd = 





X s * \ a po di =Q,r) S * \ dP elen = 





Extended gauge fixing in the 


n branes case 


d * r) = 




* 7 7 <Sl ldP™"= ®,*V S2 \dPS dd = 


= 



This implies that the integral kernels ([7]) satisfy 



0(Q,P edPf d ) Sl = 0, 
e(Q€dPZ ven 1 p) Sl = 0, 
e(Q,PedP™ en ) S2 = 0, 

(9) 9(QedP: dd ,P) S2 = 0, 

with Si given by (|6|). 

3.5. Superpropagators and homotopy operators. The presence of branes in 
the perturbative expansion induces the "alternating" boundary conditions on the 
component fields of the superfields (X,fj) as shown in the preceding section. This 
allows to give the following 

Definition 1. Relevant superpropagators for the PerM in presence of 
branes The gauge fixed homotopy operators Gs i which realize a Hodge-Kodaira 
splitting 



(10) dG St + G Sl d = I - Pi 



Si 



[ Vl(P n QP even ) i = 1 
of the differential complexes (TLg.,d) :— < Q/p™' rxp dd\ ■ _ 9 are called relevant 

superpropagators for the PoM in presence of n branes fSJ). With Pg t we denote a 
projection onto cohomology H(Ti.g ). The Gs i operators act via 



(11) (GsMQ) ■= J p 0(Q, P)s< A <f,(P) Q € P n , 

S (H.g.,d). The integral kernels are given explicitly by the sum 



(12) 0(Q,P) Sz := —d&Tgip(P, Q) Si - Z Si (Q,P), 

where 

fx Si (P,Q) :=arg^(P,Q) 5i 

is called generalized angle function and dZg^Q, P) = T J (Q,P)s i is the integral 
kernel of the projection Psi onto cohomology, d = dp + dQ. The generalized angle 
functions satisfy dnSi{P,Q) ~ daig{zp — wq) for P — > Q, where (zp,wq) are 
coordinates of the points (P,Q). 
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The explicit form of the integral kernels is simply given by a contribution which 
generalizes the Kontsevich angle function due to the boundary conditions imposed 
by the presence of the branes and a non trivial term due to de Rham cohomology 
H(T-Cg ). With an explicit choice of metric (i.e. a Hodge star operator) it is possible 
to introduce a Laplacian operator on a metric completion the differential complexes 
(7ig_ : d) (and a gauge fixing for the theory, as we have already seen). Defining 
harmonic forms on the metric completion one can study the uniqueness of the 
relevant superpropagators; we will discuss this elsewhere [15) . 

Lemma 1. Let (7ig.,d) i — 1,2 be as above; then the De Rham cohomologies 
H'(Tig ) are given by: 

W{H n Si )~{ n~^. h P = 1 for n even, 
(J otherwise 



HP{H n Si )~\ J 2 /: 1 for n odd. 
y (J otherwise 



Proof. We do the analysis for i = 1; the other case is equivalent. We write the short 
exact sequence =— > keri* <-> Q,'(P n ) — > Imi* — > 0, where keri* :— fi'(P„, dP^ ven ), 

Imi* := n m {dP r f' en ) and i : Uj^dP™ ^ P n for n even or i : U^dP™ ^ P n for 
n odd are the inclusions of the even branes in P n . This sequence induces a long 
exact sequence in cohomology; a standard counting gives the thesis. □ 

4. TWO BRANES CASE 

In presence of two branes C\ = {x^ 1 = | /ii S Ji} and C 2 — {x^ 2 = | /12 G I2} 
we can select the indices for the superpropagators in the sets Ai := Ii (1 I2, A2 ■= 
It n If and Si := C[I 2 ,S 2 := I x n If following ©. The n = 2 sided polygon P 2 
is defined as Pi :— u(H+), with the Schwarz-Christoffel mapping u [12] given by 

z — ► u(z) := \fz. 

Points (P, Q) £ P2 x P 2 are represented respectively by a pair of complex numbers 
(u,v) in the first quadrant, with u = u{z),v :— u(w) \f(z,w) <G H + x H + . dP\ is 
given by the positive imaginary axis, while dP 2 is the positive real axis. 

The boundary conditions imposed by the index sets Si are 9(v,u £ dP^Si = 
9(v € dP 2 , u)si = 0, #(v, u S <9P| )s 2 = 0(u e dP2,u)s 2 = 0. Introducing the maps 

(u -«)(«-■!;) (u-w)(u + w) 

(13) ip(u, v) Sl = arg , ^(u, v)s 2 = arg — , 

(u + u)(it + t>) (u — u)(it + u) 

which satisfy the same boundary conditions of 0(v, u)s 4 and considering that P(7i?) = 
{0}, we get 

Theorem 2. T/ie integral kernels for the superpropagators G*5 i in presence of two 
branes are given by 

9(v,u) Si = —dip(u,v) Si) 

with mirror maps H3\) . The integral kernels satisfy the additional boundary con- 
ditions 9(v,u) Sl = 9(v,u)si = ^(-^; u )si; 8(v,u) S2 = 9(v,-u)s 2 = 9(v,u)s 2 , i-e. 
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every boundary component of P2 is labelled by a boundary condition for both the 
variables (u,v). By construction 9(v,u)$ 1 = 9{u,v)s 2 , 9( v , u )s 2 = @( u t v )si- 

One can verify that 9(v,u) Al = ^darg ["~^][^] = ^darg|^|) = ±-d((>(z,w) 

and 6(v,u)a 2 = j^arg {^j^j = ^F dar g{f^y = ^ d <P{w,z) with <P Kontse- 
vich's angle function. 

The integral kernels here presented correspond to the generalized angle functions 
in [51 [T7] ; they are used to construct an explicit quantum deformation of bimodule 
structures and to define a Kontsevich's product (associative!) in presence of two 
branes. Additional assumptions are necessary to take care of the faces produced 
in the compactification of some configuration spaces in order to guarantee asso- 
ciativity (see [5] ). The problem of finding integral kernels with correct boundary 
conditions is replaced by the easier task to write the ij){u, v)s t maps satisfying some 
reflection properties respect to the sides dP^: the i/j(u, are odd respect to these 
reflections, allowing to determine the correct kernels. The method is nothing but 
a generalization of the classical " mirror charges" formalism, due to the presence of 
multiple axis of symmetry, or branes. 

5. Three branes case 

In presence of three branes €1,62,03 we can select 8 different index sets. We 
define as usual Si := If n I2 H 1%, S2 ■= h H 1% fl I3; the three sided polygon P3 is 
defined via P3 := it(H + ) with 

z -> u(z) := — / ,Vz S H+. 

27T A y/s(8-iy 

where the integral is performed along a smooth path in H + . P3 is a strip in the 
first quadrant with two sides parallel to the real axis. The above side is dP^; the 
other sides are labelled counterclockwise. The boundary conditions for the integral 
kernels of the relevant superpropagators are 9{v,u € dP 3 3 )s 1 — 0(v £ 9P|,u)5 1 = 
6(v,ue dPi) Sl = 0, 9(v e dPi,u) S2 = 9(v,ue dPi) S2 = 9(v e dPi,u)s 2 . 
Using the function F(u — v) := argsini7r(w — v) we write the mirror maps: 

sin iirlu — v) sin iirlu + v) 

ip(u,v) Sl = arg . — r-r— 4 , 

smtiryu — vj smnr(u + v) 

,„ , , . siniirtu — v) smiirtu — v) 

14 v)s 2 = arg . . ■ ■ , ' 

sm i7r(u + v) sm iiryu + v) 

So we get (remembering that H(Ttf)) — {0}) 

Theorem 3. The integral kernels for the relevant superpropagators Gs { in presence 
of three branes are given by 

8(v,u) St = —di>(u > v) Si , 

with mirror maps given by \1J$ - The integral kernels satisfy the additional boundary 
conditions 9(v, u)s x = 9(v, —u)si = 6(v, u)g 1 — 9(i+v, u)s! , 9{y, u)s 2 = 9(v, u)s 2 = 
9(v,i + u)s 2 = 9(—v,u)s 2 , i.e. every boundary component of P3 is labelled by 
a boundary condition for both the variables (u,v). By construction 9(v,u)s 1 — 
9{u,v)s 2 , 9(v,u)s 2 =9(u,v) Sl - 
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Choosing the six "non relevant" index sets, we can reduce to a lower number 
of branes analysis. As we impose boundary conditions respect the same variable 
on adiacent sides of P3 (not separated by {00}, except in the A\ = I\ fl I2 H ^3 
and A2 = Ii H If fl J3 cases), then it is simple to see that we can introduce a new 
" square root" homeomorphim u and reduce to a two branes case. Choosing Ax , A 2 
and repeating the same lines we can reduce to the one brane case: the interesting 
boundary conditions are those associated to the index sets (j6|). 

6. More than three branes: the hyperelliptic cases 

In presence of n > 4 branes we deal with the so called hyperelliptic cases. The 
name comes from the fact that we are going to use hyperelliptic Riemann surfaces 
Ai of genus g in order to find the superpropagators. In principle one could write a 
Schwarz-Christoffel mapping from the unit disk with boundary partitioned into n > 
4 sectors, or conformally, from H + into a suitable polygon with n sides; this would 
permit to avoid Riemann surfaces and theta functions formalism. The main problem 
concerning this formulation is that the reflections to impose on the i/)(u,v)s i maps 
would become particularly complicated and it is not clear a priori which functions 
one should use to get the correct maps fulfilling the n boundary conditions of the 
integral kernels. The canonical setting in presence of hyperelliptic Riemann surfaces 
is a natural choice, instead. We refer to Appendix B for a brief introduction on 
Riemann theta functions. Let Ai be the hyperelliptic Riemann surface of genus g 
which realizes the two sheeted branched covering z : Ai — > C m such that z(Pj) := 
x l £ < x i+1 , Vi = 1, . . . , 2g + 1 and z(P 2g+2 ) = 00, where {P x , . . . , P 2g +2} 

denotes the set of the branching points. Ai is the compact Riemann surface of the 
algebraic curve w 2 — rii=i — Xi). We represent Ai in Figure 1; with B\ := 
{ax, ■ ■ ■ , a g , bx, ■ ■ ■ , b g } we denote an explicit choice of canonical homology basis for 
Hx(Ai) and with {u>i}i=x,...,g the dual basis of holomorphic abelian differentials. 
The n = 2g + 2 sided polygon P n is represented in Figure 2; the restriction z \p n is 
a homeomorphism between P n and H + C Coo. Let tp be the Abel-Jacobi map for 
Ai [16], i.e. (p : Ai — > J{AA), <p(P) := f Pl u: we explicitly choose the branching 
point Pi as base point for tp. The main result of Section 6 is 

Theorem 4. The integral kernels for the relevant superpropagators Gs 4 in presence 
of n> 4 branes with n = 2g + 2, are given by 



2tt s ^(p) + v >(Q) + A g ,n)$MP) + <p(Q) + A g ,n) 



6(q, p) S2 = -idaxg mn^m±A^m±^i±A^i _ ^ (Qi P) 

2tt i}( v (p) + lfi (Q) + A g ,n)$(v(P)-<p(Q) + A g ,n) 

where Z« (O P) ■= I ^<Pi{Q)(J^n)- 1 dBe<pj{P) * = 1 j(m) ._ 

' \ Im^(P)(ImO)- ^Re^-^Q) l = 2 ^-^^^^J- 
C 9 / t nl + mfl is £/ie Abel-Jacobi map for the hyperelliptic Riemann surface Ai 
of genus g which realizes the two sheeted branched covering z : Ai — > Coo wif* 
branching points {Pi, . . . , P2 ff +2} si/cft i/iai z(Pi) £ RU {00}, i — 1, . . . , 2g + 2, 
(P,Q) £ P n x Pn afirf d = dp + dQ. A g is any non singular odd half period in 
J(Ai) of the form A g — (^(pjPs . . . P2J+1 ■ • • P2 3 +i) +/C j = 1, . . . , g, with JC vector 
of Riemann constants and * means omission. Moreover, given the compact notation 
u = tp(P),v = p>(Q), V(P, Q) £ P n x P n , we have the additional boundary conditions 
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6(v, u) Sl = 0(-v, u) Sl = 0(v, u) Sl = - v, u) Sl = 

0(e (1) + ■■■ + e w - v, u) Sl = 0{v, t« + u) Sl = 6{v, r« + r« + u) 5l , 

0(v, u)s 2 = 0(v, u)s 2 = 6(v, -u)s 2 = 0{t {1) + v, u) S2 = 

e{j (i) + T U) + ^ u ) 52 = e (i) _ „) & = gfa e (i) + . . . + e (i) _ u) S2 

where j = 2, . . . , g and e^ , are the j-th columns of the identity matrix I and the 
matrix of periods fl, respectively. By construction 6s 1 (v,u) — 6s 2 (u,v), 9g 2 {v,u) = 
9 Sl (u,v). 

The rest of the paper is devoted to the proof of Theorem 4. At first we study 
the mirror maps in the canonical setting; then we introduce first order Riemann 
theta functions on J(M); we discuss then the zero set of the mirror maps and the 
emersion of additional contributions called zero modes: Lemma 1 gives non trivial 
cohomology for (Hf, d), n> 4. 

6.1. Mirror maps and reflections. Let n be the number of branes. In the above 
theorem n is even; in fact if the number of branes n is odd with n > 5, then we can 
recover a n — 1 branes case: for this reason it is sufficient to develop the analysis 
in presence of n = 2g + 2 branes. More explicitly, in presence of n > 5 branes, 
with n odd, we should identify a polygon P n on a hyperelliptic curve given by 
V 2 = I\7=i( z ~ x i) w ^ n real x i- But we can impose, for example, the transformation 
z _> z ~ x i k even, to get a hyperelliptic curve of the type y' 2 = T\™~?(z' — Wj): 
the analysis is then reduced to an even number of branes case. The choice of the 
homology basis B\ for M gives 

v(Pi) = o, 

¥>(iWi) = ^(eW + .-. + aWlrW+rfW)), 
^(P 2fc+2 ) = i( e W + ... + e ( fc + 1 ) + rW+r( fe + 1 )), 

v(P2 9+ i) = l(e«+-+eW+r( 1 )), 

for all k = 1 , . . . g — 1 . Let 



(15) u:=tp\ Pn ; 

in the sequel we will use the notation u = u(P),v = u(Q), V(P, Q) € P n x P n . 

As M. is hyperelliptic we write the elements of the basis of holomorphic abelian 
differentials as u>i(z) := lij^-jdz; from the definition of B\ it follows that the 
coefficients I y - are real and the elements T y = (fi)jj are purely imaginary Mi, j e 
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{l,...,g}. We rewrite {15]) as w(P) = {li J A j Pi P ,...,lg j A 3 Pi P ) with A Pi P := 

Ix[ P) ^) ds ' w ( s ) = \/nl g =i( s - x k),i = 1,- •• By definition, for every point 
PeM - {Pi, P 2 , . . . , P 2g + 2 } there exists a point Q € .M, Q ^ P such that z(P) = 
z{Q): the pair (P, Q) projects to the same point z(P) on the Riemann sphere Coo 
with P, Q belonging to different sheets. This means that selecting P n C M. then 
(fT5| is well defined. 




Figure 1 . Homology Basis B\ for the hyperelliptic curve M. 

The boundary conditions for the integral kernels 6(P, Q)st ar e given by we 
project homeomorphically each point of P n to the Jacobian variety J{M.) via (jTSJ) 
and we introduce there the ip(u,v)s i maps. This allows to express explicitly the 
boundary conditions © for the integral kernels in terms of the variables (u, v) in 
the Jacobian variety itself. 

We consider now the reflections for ip(u, v)s 1 - We define the intervals Ck '■= 
[xk-i, Xk], k = 1, . . . , 2g + 2, where xu = z(Pk) for k = 1, . . . , 2g + 1 and, as usual 
xq = — oo, X2 9 +2 = +co, as z(P2g+2) = oo. If P € Ci then it(P) € iM. 9 and 
the reflection is ip(u,v)s 1 = —ip(—u,v)s 1 . Selecting Q e C 2 we get S K 9 ; 

this implies ip(u,v) Sl = -ip(u,v) Sl . With P € C 3 we get u(P) = + iR 9 

and so ip(u,v)s 1 = — — u,v)s 1 - Moreover if Q g C4 then u(Q) = \{e^ + 
r (i) _)_ r ( 2 )) _|_ ]R9 an d %])(u,v)s 1 = —ip(u,T^ + t' 2 ' + In presence of odd 

branes (different from C3 and Ci), i.e. for P e C2.J+I1 Vj = 2,...,g, we have 

U (P) = i( e W H + + + t®) + iR 9 and the reflections ip(u,v) Sl = 

-^(e (1) H \-e^-u,v) Sl . With even branes (different from C2 and C^g+2 ) that 

is for Q e C 2j , Vj = 2,...,g, we get v(Q) = ±(e« + ■■■ + e^ 1 ) + t« + t^») +K 9 
and the reflections ^(u, u)^ = —ip(u, t' 1 ) +v)$ 1 . Analogously for Q G C2 9 +2 

we have ip(u, v)s t = —i/>(u, t^- 1 ' + v)s 1 ■ 

Direct calculations show that in order to compute the reflections for ip(u, v)s 2 we 
can simply consider those for ip(u, v)s 1 , then formally exchange u and v in ip(u, v)$ 1 
and substitute the subscript Si with 6>2- For example ip(u,v)si = ~ V J ( — u, v)s 1 
becomes ip(u,v)s 2 = —^P{u,—v)s 2 ] i>(u : v)s 1 — —ip{u,T^ +t® + v)s x goes to 
ip(u,v)s 2 — — ^(t^ 1 ' + t^' + u,v)s 2 and so on. We summarize all the reflection 
properties for ip{u,v)s 1 and tp(u,v)s 2 - 

14 



i>(u,v) Sl = -ip{-u,v) Sl = -4>{u,v) Sl = 

-ip(e^ - u, v) Sl = -ip(u, r (1) + v) Sl = -ip(u, t (1) + t (j) + v) Sl = 
-^(e (1) + • • • + e« - u, v) Sl Vj = 2,...,g 

*P(u,v)s 2 = -ip(u,-v)sz = -i J (u,v) S2 = 

-ip(u, e (1) - v)s 2 = + u, v) S2 = -?/>(t (1) + T (j) + u, v) s . 2 = 

-if>(u, + • • • + - v)s 2 Vj = 2,...,g 

Given all the other possible choices of index sets we can reduce to a lower number 
of branes cases by pinching the sides dP^ of P n with the same boundary conditions 
imposed on dP^ +1 ; one repeats the process till a no more reducible case: then the 
computation of the integral kernels begins specifying the correct homeomorphism 
u. 




FIGURE 2. Polygon P n : n = 6, or g = 2 case 

We give the explicit form of the mirror maps in terms of first order Riemann 
theta functions with odd characteristics (canonical setting). Increasing the genus 
g of the hyperelliptic surface get more reflections to satisfy; precisely in presence 
of n = 2g + 2 branes we have 2g + 2 reflections to impose but it is possible to 
construct mirror maps with a combination of four suitable first order Riemann theta 
functions with odd characteristics independently on the number of reflections. We 
introduce then odd non integer characteristics (e, e') through the odd half periods 
A g ,B g ,C g ,P> g , where A g = ^e[I+ |*eifi, B g = ^ 2 I+^*e 2 Q,C g = |V 3 J+ ^e 3 n, 
V g = ^e'J + i*e 4 with e[, e t e I 9 *e^e 4 = 1 mod 2, i = 1, . . . , 4. The basic result 
is the following: 

Proposition 1. The map ip(u,v) S2 := arg ^+lXc°!n)0(a- -v+v g , n j satis fi es the 
reflection properties: 

ip(u,v) S2 = -ip(u,v)s 2 = -i/)(u,-v)s 2 = 
—ip(r^ + u, v)s 2 + 8ir Re v\ = ~ip{u, — v)s 2 = 
-V>(t (1) + t { ' j) + u, v)s 2 + 8tt Re v\ + 8tt Re vj = 
(16) _^( U)e (i) + ... + e (i) _^) 5a Vj = 2,..., S 

if 
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Ag =V g Ag= Bg Bg+Cg ~ Ag ~Vg G MP TflOtl 'mfi 

6g = Cg = .Ag + S ff ~ Cg ~ Vg G MP UlOd t TTlQ 



Proof. See Appendix B. □ 

So, the most general mirror map satisfying (|16[) and written in canonical setting 
is given by: 



(17) ip(u,v)s 2 = arg 



+ Ag,n)tf(u + v + A g ,n) 



' d(u + v + A g , n)i?(tt - « + A 9 , n) 
Following the same lines of Proposition 1 we can state a similar result for the mirror 

map ip(u, v)s 1 , or 

Proposition 2. The map ip(u,v) Sl := arg ^"^^ '^(u+v+B^si) satis fi es the 
reflections 

ip(u,v) Sl = -ip(u,v) Sl = -ip(-u,v) Sl = 

—ip(u, t^ 1 ' + v)s 1 + 8n Re u\ = —ip(e^ — u, v)s 1 = 

-i/)(u, r (1) + T {j) + v) Sl + 8tt Re ui + 8tt Re Uj = 

(18) -VXe (1) + • • ■ + - u, v) Sl = Vj = 2,...,g 

if 



A — V R — C 

Ag = -B g - l nVL Cg = -V g + 1 TlQ 

Ag + Bg + Cg+Vg G M. 9 mod 1 ' mCl Ag +C g - Bg - Vg e iM. 9 mod 'mSJ 



for any vector n G Z 9 . 

If we select odd characteristics through A g , B g ,C g , and V g fulfilling the hypotesis 
of Proposition 2 we can write the most general mirror map in canonical formalism 
which satisfies (TT51). or 



19 ^(w,u) Sl = arg—— f 

v{u + v — Ag,il)v{u + v — A g , S2) 

6.2. Zero set of the mirror maps. We characterize now the zero set of the mirror 
maps. We need to introduce some definitions for divisors before. Given a compact 
Riemann surface M. of genus g, then an odd half period A g of its Jacobian variety 
SJ(M) is called non singular if it can be written as A g — tp{p g -x)-\-K with "D g —i non 
special integral divisor of degree g — 1 on M , K vector of Riemann constants and (p 
Abel-Jacobi map. We say that integer odd characteristics e, e' G Z 9 are non singular 
if the corresponding odd half period A g = iV/ + ^'e^ is non singular. An integral 
divisor D = hP l , P 1 G M, h G Z is special if i(D) > g - degD r(-D) > 1 
for Riemann-Roch theorem. Here i{D) is the index of specialty and r(D) the 
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dimension of the divisor D. The existence of non singular odd half periods is 
a result shown, for example, in 16J. Extending the Abel-Jacobi map <p (p~5|) to 
arbitrary divisors D = kjPi with <p(D) := kicp(P l ), we recall that, with D\, D2 
integral non special divisors of degree g such that <p(D\) — ip(D2), then D\ = D^- 
This result comes from the fact that Abel's theorem [16] implies that D1 — D2 = (/), 
where (/) is the divisor of a meromorphic function / on by non specialty it 
follows r(—Di) = r{— D2) = 1, that is D-y = D2. Let us consider the multivalued 
map on M: P — ► $(<^>(P) — e); if it is not identically null, then it has g zeros, 
and the zero divisor Z g satisfies <p(Z g ) + K = e. For more details see Appendix 
B. Moreover it can be shown that P — * d(ip(P) — e) vanishes identically on M. iff 
e = <p{T>g) + K, with V g integral special divisor of degree g. 

By writing ip(u,v) Sl := argxsi {u, v), ip(u,v)s 2 := a,rgxs 2 (u,v) where ip(u,v) Sl 
and il>(u,v)s 2 are given by (|19|17|l we can state the following 

Proposition 3. Let M. be the hyperelliptic Riemann surface of genus g of Section 
6.1 and let the mirror maps ip{u,v)s 1 , ip(u,v)s 2 be given by M9\17\ ) with A g non 
singular odd half period on the Jacobian variety of M. . Choose 



(20) Ag = p{P 3 P 5 ■ ■ • P-u+i ■ ■ ■ P 2s +i) + K. := <p(V g -ij) + K 

with j = l,...,g, where {P2k+i}k=i,...,g are the odd branching points of z : M. — > 
Coo, IC is the vector of Riemann constants (see Appendix B) and caret means omis- 
sion. Then the zero divisor of xs x {u, v) and xs 2 v ) on Pn x P°i C M. x M 
consists only of the diagonal A = {(P, P) \ P £ P^}- 

Proof. First of all we note that A g can be written as A g = ip(P2j+i) mod t nl+ t mfl, 
j = 1, ... ,g as the vector of Riemann constants is given by K — 53f=i i p(P2j+i), 
for the hyperelliptic curve M. of Section 6.1 once we select the canonical homology 
basis B\. In this setting it can be shown [16] that i(P>$P§ . . . P2 S +i) = 0; this implies 
that the divisor P3P5 . . . Py+i ■ ■ • P2 9 +i is non special and with the choice (|2"Tj)) A g 
is a not singular odd half period. 

In order to discuss the zero divisor of xs x (u, v) we begin by writing ip(u, v)s 1 = 

axgxsAu,v) - arg ^ {u+v _ AgM) ^ u+v _ Ag ^ ) - ay & o( u +v-A g ,n)o(u-v-A g ,n)- iNOW 
we proceed to study the zero divisor of the multivalued function 



p -f xsMP)MQ)) 



${u{P) - v(Q) - A g ,n)d(u(P) + v(Q) - A g , n) 



${u{P) + v{Q) - A g ,n)§(u(P) - v(Q) - Ag, SI) 

with Q G M\{Pi]i=i,..., g fixed. The thetas are multivalued functions on M. but the 
zero divisor is well defined as the multivaluedncss generates a multiplicative non 
vanishing factor. As Q ^ 2? s _ij, then the divisor QT> g -\j is not special and the 
zero divisor of the multivalued holomorphic function on M: P — > i?(u(P) — v(Q) — 
A g ,Sl) is given by QT> g -xj. Analogously P — > i?(u(P) + v(Q) — A g , SI) has the zero 
divisor ST> g ^i j with S = J(Q), that is S is the image of Q under the hyperelliptic 
involution J. Explicitly J acts as follows: we write J(Q) = Q if Q is a branching 
point for M. (it is not our case), otherwise J(Q) — S with z(Q) = z(S) and z : A4 — > 
Coo is the two sheeted branched covering of Coo : for this reason J is also called the 
"sheet exchange". From the definition it follows that v(Q) = <p{Q) = —<p{J{Q)) := 
—v(S). We continue with P — » #(u(P) — w(Q) — ^4 S , S7); from the definition of the 
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Abel-Jacobi map we get v(Q) = u = (ly J^f^f , • ■ - J T ib^f ) where 7 



is a smooth curve joining x\ and z(Q) and w(s) — y Yl^^ 1 ^ ~ x i) with w(s) = 
±w(s), for Schwarz reflection principle applied to regions in H + . Whenever we 
have the + sign, introducing the automorphism on M. C : Q — > C(Q) — T, with 
z(Q) = z(T), we get v(Q) = ip(Q) = <p{T) := v(T). Whenever we have the - 
sign (for example, for Q such that z(Q) 6 (%2i) ^2i+i)j i = Oj • • • ><?> x o = ~oo) we 
compose C with the sheet exchange J. 

C(Q) 



So we get the zero divisor i JC{Q) J ^ or ^ ~~ * $(u(P) — v(Q) — A g , fi). 

The bracket selects only one of the two divisors C(Q) and JC(Q), depending on 
the sign of iu(s) = ±it;(s), as above. All the considerations so far imply that 
the multivalued function P — > §{u{P) + v(Q) — A g ,£l) has zero divisor given by 
JC(O) 1 

C{Q) ) T>9 - 1 ' : >- Collecting au the zer0 divisors for the thetas we obtain the 
divisor of the function P — > x<Si ( u (P)i V (Q)) : 



(xsMP)MQ))) 



i.e. P — * xs 1 (u(P),«(Q)) is null only for P = Q on P° for the injectivity of the 
Abel-Jacobi map. 

As if>(u,v) Sl = axgxsxfav) = arg g^E^fflfei^S ' then we stud ^ the 
zero divisor of 





r jc(q) i 

l CT(Q) J 






f C(Q) ] 

I ^c(Q) J 





q ^ f , pl , Q „ = g(g(g) - <g) - A g , ijMHg) - ^(P) - -jg, n) 

0(u(Q) + u(P) - A g , fi)0(u(Q) + u(P) - Ag,Q) 

with P G A^\{Pi}i = i.... i9 fixed. The analysis follows the same lines here discussed 
and Q — > Xb^Si ( u (-P)i u (Q)) is nu h only for P = Q on P° for the injectivity of the 
Abel-Jacobi map. Also the multivalued map xs 2 ( u i v ) presents the same behaviour. 

□ 

6.3. Abel-Jacobi map and zero modes for the superpropagators. In pres- 
ence of more than three branes we have the emersion of zero modes contributions 
as the cohomology of (Tig.) is non trivial (Lemma 1). The contributions denoted 
with Zs^QtP) in the definition of the integral kernels (Dcf.l) must absorb the 
extra terms in the reflections of the mirror maps to get the correct boundary con- 
ditions for the 9(Q,P)si- In the elliptic case (g = 1) the image of P4 in J(M.) 
is given by the set u(P\) = {u e C/nl + mr | Reu £ [0, i], Imu 6 [0, |]}, 
where t = Imr > 0. We know that dimP 1 (7i^.) = 1; explicit basis are given by 
p Sl = dlmu(P) = i[w(P) - U(P)] and PSa = dReu(P) = ±[w(P) + u(P)], re- 
spectively. With w(P) here we denote the basis of holomorphic abelian differentials 
dual to the canonical homology basis B\. Motivated by these considerations, we 
write 



Lemma 2. Let 9(Q, P)s t be given by (?J) for n = 2g + 2 branes with 
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ZsAQ,P) = lmViO ik dReu k , 
Z S2 {Q,P) = ImuiO ik dRev k , 
i,k = l,...,g; then 6(Q,P) Sz satisfies © for O = A^mVL)- 1 . 

Proof. Apply the boundary conditions © to Z§ i ; the additional contributions gen- 
erated by the reflections cancel with those of the mirror maps, as in Prop. 1-2. □ 

6.4. Superpropagators with n > 4 branes: explicit formulas. We are ready 
to write down the explicit formulas for the superpropagators in the n > 4 branes 
case. We have found the generalized angle functions through theta functions, we 
have studied thier zero divisor and we have introduced the zero modes terms; they 
correct the additional contributions generated in the reflections of the mirror maps. 
Collecting all these results we get the superpropagators (P,Q & P n X P n ) 



0(Q,P hl = -Idarg ^ - ^ + A - mm - *® ±±M- 4Z 5l (Q, P) 

2vr ^( ( p(p) + ip(Q) + A g ,n)^(i P .(P) + ( p(Q) + A g ,n) 



6(Q,P) S2 = -Id arg *^ P > = ^ + ^ « + ^ ±4l°> - 4Z S , (Q, P) 
2vr B #( v (P) +(p (Q) + A g ,n)#(<p(P)-<p(Q)+A g ,n) 

where Z. (O P) — / Im ^(Q)( Imfi )" lrfRe ^ ( P ) * = 1 We have simnlv used 
where Z Si {Q, P) .- i Im ^ (P)(Imf2) -i dRe ^ (g) i = 2 - We have simply used 



(|15p to replace (u, u) with (p. They fulfill the correct boundary conditions expressed 
by the index sets Si with no additional terms. Moreover it follows 0(Q, P)s t = 
9(P, Q)s 2 1 9{Qi P)s 2 — 9(P> Q)si ! the integral kernels are independent on the choice 
of odd non singular A g as in (|20p and the computation of the additional boundary 
conditions satisfied by 9(Q, P)si is straightforward: this ends the proof of Th.4. 

The integral kernels for the n > 4 branes cases present a "similarity" with the 
expression of the Green function for the Laplacian operator (that is second order 
differential operator) on compact Riemann surfaces in [ 20., [21] ; such Green function 
it is a sum of a main part involving the prime form defined on the compact curve 
of genus g and g zero modes contributions; here instead of a single prime form we 
have to use the product of four first order odd Riemann theta functions to fulfill 
the boundary conditions. A mathematical formulation of this remark, involving 
Schiffer and Bergmann kernels on M. will be given in [15] . 

7. Conclusions 

We have written the explicit formulas for the superpropagators of the PctM in 
presence of branes. With two or three branes we used a Schwarz-Christoffel mapping 
to produce the integral kernels with the correct boundary conditions. With more 
than three branes we have introduced hyperelliptic curves M. of genus g and first 
order Riemann theta functions with odd characteristics defined on the Jacobian 
variety 3(M). The superpropagators include zero modes contributions involving 
the inverse of the matrix of periods for M. . With these formulas it is possible to 
study the algebraic properties and the deformation of the associative product of 
the algebra of observables A for the PerM in presence of branes. This should give a 
generalization of the P^ structure on A — T(ANC) for a single brane C described 
in [8] , [19] , while the non perturbative analysis necessarily leads to the definition of 
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a Fukaya Aoo category for the PcrM with branes. Before studying a "global" Fukaya 
category inspired by the nonperturbative PcrM with branes, it is possible to analyse 
a local version deduced by the tools of Homological Perturbation Theory applied 
to a suitable differential graded category. The superpropagators here deduced play 
the role of homotopy operators on the space of morphisms of such category. As the 
two and three branes cases induce bimodules and morphisms of bimodules [5] [8] 
one could expect bimodules and morphisms for the hyperelliptic cases (or even 
a more general structure); moreover with linear Poisson structure (and branes as 
affine subspaces) the expression of the superpropagators here obtained gives explicit 
higher order formulas for the diagrammatics developed in |17j . 

Appendix A. Theta functions and Riemann surfaces 

We introduce briefly first order Riemann theta functions; the material here pre- 
sented is standard: the reader interested in proofs and wider expositions should 
consult, for example, [16]. We write the translation properties for the thetas we 
used in Section 6. 

Definition 2. Let Q g denote the Siegel upper half spaces of genus g, that is the 
space of complex symmetric g x g matrices with positive imaginary part. We define 
Riemann's theta function by 

0(*,fi) := E NeZs e 2 ^i tNnN+tN ^ 

where z £ C 9 (viewed as a column vector) and il £ Q g and the sum extends 
over all integer vectors in C 9 . The function converges absolutely and uniformly on 
compact subsets of C 9 x Q g . In the sequel we will fix the matrix and we will 
consider d as a holomorphic function on C 9 . 

Proposition 4. Let /i, // £7L 9 . Then 

yz£C 9 ,fl£Q g and with L the g X g identity matrix. 
In particular 

d(z + e u \n) = 0(z,Si), 

tf(z + r (j '\o) = e 2m( -- Zk -^d(z,n), 

(21) i?(-2,fi) = #(z,ft), 

where e^' is the j-th column of the identity matrix I and t^' is the j-th column 
of f2. We continue with 

Definition 3. Let e, e' £ M. 9 ; the holomorphic functions on <C 9 x Q g 







(z, fl) := S^vezse 



2„(i'(7V+f)0(Af+f)+ t (Ar+f)(2+i)) 



are called (first order) theta functions with characteristics. 

When selecting e, e' £ V (integer characteristics) it is easy to prove that 

(z, Q), i.e. theta functions with integer charac- 



<) 



(-z,Q.) = e 2 "(^^ 



e 
e' 

teristics are odd if Ve = 1 mod 2, even when *e e = mod 2. Moreover it follows 
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e 
e' 



(z, f2) is 



odd then ??(-§- 1 + -j^j^) = 0; the Riemann theta function vanishes at the odd 
points of order two in the lattice generated by the columns of / and f2: they are 



called odd half periods. We introduce now 1} 



> if, where ip is the Abel-Jacobi 



map for M, compact Riemann surface of genus g. f? 



> ip is multivalued but 



its zeroes are well defined on M becouse the multivaluedness is multiplicative with 
a non vanishing factor. Then we have the classical 



Theorem 5. Let M. be a compact Riemann surface of genus g > 1 with canonical 

e 
e' 

function associated with (M., {a^, bi}{ i= i g j) and let ip be the Abel-Jacobi map 
c 



homology basis {a;, i>i}{i = i g y Let § 



o ip be the first order Riemann theta 



for M. Then 



o tp is either identically zero as a function on AA or else 



it has precisely g zeros on M.. Ln this case let P1P2 ■ ■ ■ P g be the divisor of zeros. 
We then have ip(P\P2 ■ ■ ■ P g ) = — — — K, where K. is the vector of Riemann 
constants which depends on the canonical homology basis and the base point for the 
Abel-Jacobi map. 



We remind that for every compact Riemann surface of genus g > 1 K, is a half 
period in the Jacobian variety of M; in particular, selecting the hyperclliptic curve 
M. described in Section 6.1 and the canonical homology basis B\, it is not hard to 



show that K = J2j=i where {P2j+i}j=i, 

points of M, i.e. 



is the set of odd branching 



+ (9 ~ l)e (2) + 



9T 



(i) 



,(2) 



+ r (9) ) mod W+'mfi 



Appendix B. Proof of Proposition 1 
We write here the proof of Proposition 1 of Section 6.1; it states that the map 



tp(u,v)i 



^S ^+l^S)^-vtv B S) satisfies the reflection properties: 



(22) 

provided 



ip(u,v) s . 2 = -ip(u,v)s 2 = -ip{u,-v)s 3 = 
-■0(t (1) + u, v)s 2 + 8tt Re v\ = -ip(u, e (1) 



V) 



So 



-(1) 



-00 



u , v )s 2 + 87r Re v\ + 8ir Re Vj = 



-tp(u, e (1) + • • • + e {l) - v)s 2 Vj = 2, 



Ag — T)g 

B„ = C a 



•Ag — Bg 

c n = v„ 



Bg+Cg- A g -V g e M 9 mod 'mfi 



V g e iR 9 mod f mO 



Proof. Imposing the reflections given by p^|) we get: 
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ip(u,v) S2 = arg — — » » = s 

w(w + 1! + C g , S2)#(u — v + P 9 , Si) 

if a „4 g = X> s +*ni-T+'miSl and B g = C g + t n2l+ t m2^l for some m, mi, n 2 , 77 2 € Z 9 . 
The aim is to select ?n, mi, 712,712 (if it is possible) to get i/>(u,v)s 2 = —ip(u,v)s 2 
with no additional terms. Using the translation properties (|2ip we can write 



lp(%v) S2 = -1(>(U,V) S2 +aYge ^( t mi(2v^u-u-V g -A g )- t m2 {2v+u+u+C g +V s )) = 

= -ip(u,v)s 2 

if and only if mi = m.2 = 0. With these choices „4 9 = T> g + t nil and 23 s = C g + t n2l- 
We continue with: 



tp(u, -v)s 2 = arg — — - = -V>(u, w s 2 

u(m + v + Ag,il)v(u — v + o s , S2) 

if >4 g = 63+713/+ msil and C g = D ff +* 77,4/+* 7714 Si for some 773, 772,3, 714, m4 € Z s to 
be determined. We have used the property of first order Riemann theta functions 
■d(z, Si) = z, — Si) = Si) as the matrix Si is pure imaginary. To get the 
reflection ip(u, —v)s 2 = —ip(u, v)s 2 we write 



^( U ,-V)s 2 = -^{U,V)S 2 +ar g e 2"(- t ™3(A+6 s +2Ke U )-* m4 (I ?g +C 3+ 2SR eM )) = 

= -^{u,v)s 2 

if and only if m3 = — 7714. This reflection imposes ylg = /S g + 713/ + 'm^Sl, C g = 
V g + *n 4 J - *m 3 Sl and A g + B g - C g - V g E iR 9 mod *mSl. The reflections 
ip[u, v)s 2 = —ip(u, eW + • • • + e^' — v)s 2 give the same conditions on A g , . . . , T> g as 
translations respect to the columns of the identity matrix induce no new relations 
for the odd characteristics. The last reflections we study involves the matrix of 
periods Si; by writing r (1) + = *nSl, with f n = (1,0, ... , 0, 1 , . . . , 0) and 

J = 2,..., g: 



+T U) +u,v)s 2 = - 1 p{u,v)s 2 +aTge 2 " tmi{2v ^- u -^- A ^ + 

if A g = V g + t ml + *miSl and B g =C g + *?7 2 / + 'm 2 Sl for some rii, mi, 77 2 , 77 2 S Z s . 
Thus we get tp( T ^ + t^' + u,v)s 2 = —ip(u,v)s 2 for j = 2, . . . ,g if and only if 
A, =X> g + t n 1 /- t nS!and6' g = C g + t n 2 / + t nSl with l n = (1, 1, . . . , , 1). The reflec- 
tion ip^ 1 ' + u, v)s 2 — —ip(u, v)s 2 fixes no new equation for A g , . . . , V g . In sum- 
mary tp(u,v) S2 = arg ^;^+c g a :o) ) ^-r+p^n) satisfies tp(u,v) S2 = -i/;(u,v)s 2 = 
—4>{u, —v)s 2 = — ip(r^ + u, v)s 2 = —ip(u, eW — v)s 2 = —i/j(t^> + + u, v)s 2 = 
-tp(u, e« + ■■■ + e& - v) S2 Vj = 2, . . . , g if 
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A g = V g + t n 1 I Ag = B ff + *n 3 J + *m 3 -A s = X> ff +*ni/ - *nfi 

= Cg + 4 n 2 / Cg=Vg+ ^1 ~ Bg = Cg+^I + 1 Tift 



and Ag+Bg—Cg—Dg e iR mod fc mfi with n±, n^, n%, £ Z s and t n = (1, 1, . . . , , 1). 

Of course the above conditions are not compatible. To solve this impasse we 
have to relax some of the reflections on the map ip(u, v)$ 2 . We decide to relax those 
respect to the columns of the matrix of periods: this approach will be compatible 
with the analysis of the zero modes contributions. Explicitly this amounts to get 
ip(u,v)s 2 = -V>(t W + t (j) + u, v)s 2 + 87rRevi + 8irReVj for A g = V g + "ml, 
B g = Cg + t nil and B g + C g — A g — T> g € iM. mod t mfl; comparing this new set of 
equations for A g , . . . , T> g with those relative to the reflections respect to the identity 
matrix, u and — v we get the constraints for the odd half periods 

Ag =Vg Ag= Bg Bg+Cg ~Ag ~Vg £ iM 9 UlOd 'mfl 

Bg =Cg Cg= Vg Ag+Bg-Cg-Vgt M 9 lllOd 'mfi 

with reflections for ip(u,v)s 2 given by (|22[) . 

□ 

Appendix C. Relevant superpropagators: some properties 

In this appendix we show some properties of the relevant superpropagators Gsi 
as gauge fixed homotopy operators and we give the proof of the Hodge-Kodaira 
splitting dGs i + Gs,d = I — P$ i appearing in Def.l. First of all the operators 

(23) (GsMQ) ■= J p 9(Q, p )s, A <f>(P) Q e P n , 

present an integrable singularity along the diagonal in P n x P n . We continue with 
Proposition 5. Let Gs t be given by they realize the Hodge-Kodaira splitting 



(24) dG Si +G Si d = I - P Si 

of the differential complexes (Wg ,d), where denotes projection onto cohomol- 

ogy- 

Proof. Let <p S H^' ; the splitting equation reduces to (Gsid4>)(v) = 4>{v), 
where, as usual, (u,v) denotes the coordinates of points (P,Q) of the polygon P n . 
Explicitly we get 

(G Si dcf))(v) = { ^-d u fiSi(u,v) A dcf)(u) + 

j J p ^ 4Imu J ;(Imf2)~- 1 G?Rewj A dcj>(u) i=i _ 
~i Jplilmuiilmn^dRevj /\dcf>{u) i=a _W 

as in the i = 1 case integrating by parts we get the sum J gp 7^-d u /iSi ( u i v) A <j>{u) — 
4 J dp ImviilmQ)^ 1 dUe Uj A 4>iu) which vanishes for the boundary conditions of 
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the integral kernels and <j> once we add the null term J dp ■^d v fis i (u,v) A 4>(u). 
In the i = 2 case, we can add the terms 4 f gp Imui(Imf2)~ 1 dRewj A <f)(u) and 
IdP ^d v [J,Si( u i v ) A 4>{ u ) repeating the same trick of the i = 1 case to elimi- 
nate the contributions over dP n . The orientation of dP n is taken to be counter- 
clockwise. Let 4> S TCg 1 now; as the cohomology of the differential complexes 
in not trivial in degree 1, then we have to distinguish different cases. We be- 
gin with <j) — f(u,u)du + g(u,u)du; the splitting equation and Lemma 3 give 
(dGsMv) + (G Si dct>)(v) = dvJ dBAv) + -h)du + 

~ dv IdB^v) ^Ti(uh+ uh) du + Iap n h d ^s t («, v) A <t>{u) - J dBAv) ±d vl i Si (u, v) A 

4>{u) \ \h J ! mV f^nH^ U3h ^\ . <= o ■ AH the line integrals are 
^ v ' 1 4j Pn lmu i (ImQ) ij 1 dI{jev 3 -A d<p{u) i = 2 6 

taken counterclockwise. The sum of the integrals over the boundary dB^(v) give 

precisely the identity on the right hand side of the splitting equation; in both the 

i = 1,2 cases we eliminate the terms along dP n by adding suitable terms as in 

the (j> £ Tig' case; in particular for i — 2 we get the projection onto cohomology 

integrating by parts. 

Selecting an exact one form, ip — df with / £ Tig', we get no projection as in the 

i = 1 case 4 J p dImi; i (Imf2)~ 1 (iReMj A df(u) = —4 J gp dImi; i (Imri)~ 1 c?Reu :) A 

/(«) which, summed to J sp -^dfis 2 (u, v) A (f>(u), gives as usual zero (the i = 2 case 

is immediate) . If ^ is a linear combination of zero modes we have the following 

Lemma 3. Let <j) e H 1 ^^); then 



(25) [PsMQ)=<t>{Q)- 

Proof. Let (P^)(Q) = ( with^(.) 
1 K | 4/ Pn dIm^(P)(ImO). iJ 1 dRe^-(Q) A<p(P) YtK ' 

the i th component of the Abel map ip on Ai; we prove (|25f for i = 1: the other 
case is analog. We want to use Riemann's bilinear relations for holomorphic differ- 
entials on the hyperelliptic curve M. of Section 6.1. Let M. be given as in Figure 
1; the hyperelliptic involution J is seen as a rotation by 7r radians about an axis 
passing through the 2g + 2 branching points. Let jj be an oriented curve from 
P23-1 to P-2j for j = l,...,g. We have defined the canonical homology basis 
Bi = ■ ■ ■ i o,g, bi, . . . , b g } where the curve aj is 7^ followed by — J^j, i.e. a,j joins 
p2j-i to P2j and returns to P%j-i and the curve bj joins a point on aj to a point 
to a, returning to the point on aj. 

Let (3j be the curve that joins Pij+\ to P^j and returns to Pij+\ for j = 1,2 ... ,g 
and a the one which joins P2g+2 to ^29+1 and returns to i"2g+2 (see Figure 3). It 
follows that a ■ a± = a ■ 0,2 = ■ ■ ■ = a ■ a g — 0, a ■ b k — 1 \/k — 1, 2 ... ,g so 
a = ai + 02 + • ■ ■ flg in homology, /J; • 6^ = Pi ■ aj =0 for i ^ j, f3 g ■ a = 1, 
Pi ■ etj + i = — 1 Vt = 1, . . . , g — 1, /3i ■ at = 1 Vi = 1, . . . , g. Thus up to homology 
we conclude Pi = bi+\ — bi Vi = 1, ... ,g — 1 and P g = —b g . In the following 
{uj\, . . . ,uj g } = {lj} is the basis of holomorphic differentials dual to the canonical 
homology basis B\. 



Writing (\>{P) = a k dlm(p k (P), with {dlmip k (P)} k=lt ... yg basis of ^(HgJ then 
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Figure 3. Homology basis B\ and a}i=i,..., g curves 



(Ps! 4>){Q) = -ia k dlmtpi{Q) (Im fljy 1 ( jf ^ (P) A w fe (P) + 
(26) + ^ w fe (P)A^(P)). 

The w(P) are closed differentials; considering the fundamental polygon T with 
symbol n?=i a j^j a J "J associated to the curve M we can write f p Wj(P) A 
MP) = J dPn fj(P) A MP) where df,(P) = uj(P). Then u^(P) A MP) = 

iEli L/ 0< //( p ) A ^) + /« r 1 A ( p ) A ^) + 4 £ ( p ) A ^p) + k- » /i ( p ) A 

cjfc(P)] = |rjfe; repeating the same procedure for the second summand of the r.h.s 
in ([261) we get (Ps 1 (f>)(Q) = —iakdlmcpi(Q)(Imfi)^i(Im.Q,)jk = a k dlimp k (Q). 

a 

The above Lemma concludes the proof of (|24| for the (f> £ case. 

If (j) € ?i^' 2 , then (f> = duj for w € (Lemma 1). This implies that we 

can repeat essentially the calculations of the preceding case: the splitting equation 
reduces to (dGsi<f>){v) = 4>(v) as we have no projection in degree 2; this concludes 
the proof of Proposition 5. 

□ 
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